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Free convection in the tilted open thermosyphon

By F. M. LESLIE

Department of Mathematics, University of Manchester
(Received 15 April 1959)

Approximate solutions are found for the fluid flow and heat transfer in a heated
cylinder, closed at the bottom and opening at the top into a reservoir of cool fluid,
which has been tilted at a small angle to the vertical.

One solution is found for large Rayleigh number when the boundary layer does
not fill the tube, and another for small Rayleigh number when the boundary layer
fills the tube. In both cases tilting causes a small increase in heat transfer which is
proportional to the square of (l/a) tan ¢, where l/a is the length-radiusratio and ¢
the angle of tilt.

1. Introduction

The open thermosyphon consists of a heated vertical cylinder of fluid, closed at
the lower end and opening at the top into a reservoir of cool fluid. The fluid is
subject to gravity. An annulus of hot fluid at the walls, being less dense, is
displaced towards the open end and is replaced by heavier cool fluid moving down
the centre of the tube. Thus a circulation is created which transfers heat by
convection from the walls of the cylinder to the reservoir.

Holzwarth (1938) suggested that a similar system could be used to cool gas
turbine blades. He envisaged a cylindrical cavity in each blade opening into
a reservoir of cool fluid in the hub. In this case the external axial acceleration is
the centrifugal acceleration, which can be as large as 10*g. Since the system is
rotating, there is also a Coriolis acceleration at right angles to the motion of the
particles, and hence flow is not quite axially symmetrical.

No attempt had been made to solve this problem theoretically until Lighthill
(1953) investigated the action of the thermosyphon in some detail for laminar and
turbulent flow. He considered a cylinder whose walls are maintained at a con-
stant temperature, and which had a constant axial acceleration directed towards
the lower closed end; and he assumed that the fluid entering the tube along the
axis at the open end has the temperature of the reservoir.

In the present paper an attempt is made to extend Lighthill’s work by con-
sidering the external acceleration to be at a small angle to the axis. Alcock (1951)
has pointed out that this problem is similar to that of free convection in rotating
turbine blades. The component of the buoyancy force perpendicular to the axis
simulates closely the Coriolis force on the moving fluid. The case of Coriolis forces
is very difficult to treat, but that of simulated forces can be solved to give a fair

estimate of the effect.
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Martin (1957) has done experimental work on this problem, using a heated
cylinder of fluid closed at the bottom and opening at the top into a reservoir of
cool fluid. The external acceleration was gravity, and he investigated the effect of
tilting the cylinder from the vertical position. In work so far unpublished,
Martin found that, for Rayleigh number 107%%, the Nusselt number decreases with
increasing angle of inclination to the vertical up to 5°, where it is 90 9, of its value
for the tube in the vertical position. If the inclination is increased beyond this
point, the Nusselt number rises to its initial value by 15° and thereafter to 130 %,
of this value by 45°. For smaller Rayleigh numbers the initial decrease is smaller,
until when the Rayleigh number is 10525 there is no decrease and the Nusselt
number increases steadily to 150 9, of its initial value at 45°. Martin put forward
an explanation for this decrease, which is equivalent to there being an instability .
at small angles of inclination for larger Rayleigh numbers. He attributed the
ensuing rise in heat transfer to an overall decreasein the thickness of the boundary
layer which is formed at the walls.

In the present treatment, only laminar flow is considered, and no attempt is
made to assess the effects of a breaking down of laminar flow. Attention is given
mainly to the flow obtained for large values of Rayleigh number, since a typical
value for gas turbine applications is of the order of 101°; however, a solution is
also found for small Rayleigh number.

The most important parameter used by Lighthill is ¢, = (a/l) Aa, where a is the
radius of the cylinder and [ its length, and Aa is the Rayleigh number based on
radius. For large £, (> 3400), he found a solution in the form of a rising boundary
layer at the walls and a cool descending uniform core in the centre. Because of
the complexity of the equations, he used approximate methods of solution based
on integrated equations which represent the conservation of mass energy and
momentum across a section of the cylinder. For small ¢, (< 311), Lighthill found
a similarity solution in which velocity and temperature profiles are similar at
different axial positions but vary in magnitude linearly with axial distance.

Solutions of a similar type are found below for the problem of the inclined tube.
The boundary-layer thickness is found to decrease, giving an increase in heat
transfer, as the inclination of the external acceleration to the axis is increased,
which is in agreement with Martin’s work. No initial decrease in the Nusselt
number is found, however, since the model assumed does not allow for instabilities
in the boundary layer in the cylinder due to unstable stratification on the lower
side of the tube. This increase in heat transfer varies as the square of (I/a) tan ¢,
where ¢ is the angle between the external acceleration and the axis of the cylinder.
For large ¢,, where the flow is of the boundary-layer type which does not fill the
tube, the percentage increase in the Nusselt number is 0-17(//a)? tan? ¢; and for
small ¢,, where the boundary layer fills the tube with similarity, this factor is
25(l/a)?tan? @. It is difficult to compare the results obtained in the present paper
with those found by Martin in his experiments on account of the initial decrease
in the Nusselt number due to another effect. However, there does appear to be
qualitative agreement with his results for smaller Rayleigh numbers where there
is no initial decrease. They are also supported to some extent by his results for
larger angles of inclination at all Rayleigh numbers.



Free convection in the tilted open thermosyphon 117

2. The equations of motion

Cylindrical polar co-ordinates (X, R, §) are used where the X-axis coincides
with the axis of the cylinder, the origin being at the closed end and the positive
direction towards the open end. The transverse component of body force is
directed towards 6 = 0. The equations governing the motion are those of con-
servation of mass, energy and momentum for steady motion; these are
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where U, V, W are components of velocity in the directions of X, R, ; T' is tem-
perature, P pressure, p density, fthe external acceleration making angle ¢ with the
negative direction of the X-axis; and K is the thermal diffusivity and y the
kinematic viscosity.

An equation of state is also required; this is taken to be
1 1
= =-=1+4a(T-T,)), 6
B Po( (T-To) (6)
where a is the coefficient of cubical expansion and the subscript 0 refers to
conditions at the wall.
The boundary conditions are

U=V=W=0 at R=a, or X =0,
T=T, at R=a, or X =0, (7)
T=T at R=0, X =1,

where T, and T, are constant temperatures, 7 being the temperature of the
reservoir, and a, ! are the radius and length of the cylinder.

Since either the flow is of the boundary-layer type or the ratio of radius to
length is small, second derivatives with respect to X are neglected in comparison
with those with respect to B. Large Prandtl number is assumed, and as a result
the inertia terms in the momentum equations are neglected. This procedure was
adopted by Lighthill and led to an error of 5 %, when the Prandtl number was five.
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Putting P = P, + p where p is due to velocity effects, equations (3) to (5) give,
when the velocity is zero, oP,
ax TPofeosg =0,
oF,
R

R%—{;l+pofsin¢ sinf = 0.

—pofeing cosf = 0, (8)

Thus P, is the hydrostatic pressure when the temperature is 7, throughout.
Eliminating £, from (3) to (5), and using (8) and then (6), we find
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To reduce equations (1), (2), (9), (10), (11) and boundary equations (7) to non-
dimensioned form the following substitutions are made:
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where ¢ = (l/a) tan ¢. The boundary conditions (7) reduce to
wWw=pl=wl=1=0 at r=1, or z=0,
(17)

at
2=t = af cos ¢ (T)—T,) — VK at r=0, z=1.

Since there is symmetry about the plane § = 0 and the angle ¢ is taken as small,
solutions in the form of the leading terms of Fourier series are obtained:
=U+wucosf, = V+vecosh, w'=wsind,
pt = P+ pcosf, t*=T+tcosh,



Free convection in the tilted open thermosyphon 119

where U, V, P, T, and perturbation functions , v, w, p, t are functions of z, r only.
It should be noted that the symbols U, V, P, T', and p have been used earlier with
a different meaning.

The boundary conditions (17) become

U=V=T=0 at r=1, or =0,
} (18)
T=t at z=1, r=0,
and u=v=w=:t=0 at r=1, or =0,
v+w=0 at r=0, (19)

u=p=1t=0 at r=0.

This last condition is necessary because of harmonic variation with 6.
Making these substitutions in (12) to (15) and integrating with respect to 6
from 0 to 27 to obtain terms independent of 8, we obtain
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Here 3(uo/ox+vo/or —w/r)t and 4et are of the second order of smallness since
u, v, w, t are perturbations; if these terms are neglected relative to other terms,
equations (20) reduce to those used by Lighthill. He used integrated forms of this
reduced set of equations (20) to find approximate solutions for U, T subject to
boundary conditions (18). Thus, if }(u0/ox +v0/ot —w/r)t and } et are neglected,
U, T may be regarded as known functions of z, r for all ¢;, and then can be found
from Lighthill (1953).

Equations for the perturbation functions are found by substituting for
ul, v1, wl, pt, t! in equations (12) to (16): equations (12) to (15) are multiplied by
cos ) and (16) by sin § and then integrated with respect to 6 from 0 to 27 to give
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Eliminating p between equations (24) and (25),

o7 0 ow\ 10 [ v, 20
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No attempt is made to solve these equations as they stand because of their
complexity. However, they can be expressed as the conservation of mass, energy
and momentum (associated with the secondary flow) across a section bounded by
the planes § and 6 +d6, x and z + dz, and r = 1 by multiplying by r and integrating
from 0 to 1 with respect to r, thus
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In (29) the term containing dp/ox has been neglected, where p is the perturbation
pressure; this appears reasonable physically and can be justified mathematically
later. The integrated form of equation (26) is

*w ov
L rT dr + (a 2) + (g)r=1 = 0. (30)

The values of equations (21) to (26) at the walls and on the axis are needed to
determine the profiles to be used in the similarity solution. These are
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Simple radial profiles are assumed for velocity and temperature in finding the
solution for the boundary layer which does not fill the tube. No attempt is made
to satisfy equations (31) to (34), and as a result higher derivatives such as
(2w/[0r?),_; in (30) cannot be expected to be accurate. It is possible to eliminate
this term using equation (33), giving

ow
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+ (%),J (Plpey = 0. (35)
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To eliminate (p),.,, we first integrate (24) with respect to » from 0 to 1:
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The Nusselt number (based on radius) is given by
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where @ is the actual rate of heat transfer from the whole wall surface of the tube
and k is the thermal conductivity of the fluid.
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where A4, =

is the Rayleigh number based on radius.

When the effect of the perturbations upon the solution obtained by Lighthill
is calculated, several of equations (20) are required in modified form retaining
the perturbation terms. With the usual boundary layer assumptions (20d)
reduces to 0P/or = 0, and, at the wall, (20¢) becomes

(B2 o
1) dx [rar or)l .,
This equation is used to eliminate P from (20¢) which is then integrated over

a cross-section; thus
oU 82U
- fo T dr + [Br )= 0. (38)

When integrated over a cross-section (205) reduces to
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On the axis (206) takes the form
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Equations (38) to (40) with the perturbation terms neglected are in the form used
by Lighthill.

3. Boundary-layer solution not filling tube

In this section a solution is found in the form of a rising flow in a boundary layer
at the walls and a descending flow in a cool uniform core in the centre.

For equations (20) Lighthill assumed the following solution:

U=-¢ ©0<r<p,
= _¢[1~ (;:ﬁ)z(l +8(1‘—1))] (B<r<l,
T=1t 0<r<p),
=t [1— (::/;,)2] (B<r< 1),}

where ¢, 8, § are functions of  only, which were determined by substitution into
the integrated forms of the equations. The solution obtained by Lighthill can be

written in the modified form

_ 6 _ 1, &8
i=@ ¢=71g
1
and £ = (2:4-9) xt,
tl

where f# = 1—£ (i.e. £ is the boundary-layer thickness) and where higher powers
of £ in the expressions for § and ¢ have been neglected so that £ may be expressed
in terms of  in manageable form. This procedure is accurate to within 2 or 3 9 if

t, is greater than 108.
Radial profiles will be chosen for %, », w, and ¢ as follows:

w=0 0 <r<p),
T

v="y 0<r<p)
=7[1—(71:§)2] B<r<1l),

w=-y (0<r<p),
- _7[1—(’1'_%)2(1”(7—1))] B<r<l),
t=0 (0<r<pf),

(I—r)(r— gy
= @ —(1—_133:‘1—'—* (ﬂ <r< 1),
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where @, v, A and © are functions of z only. It is assumed that the boundary-
layer thickness remains independent of 6 despite the tilting. Martin (in a paper to
be published) found very little variation of boundary-layer thickness with @ in
his experiments. :

If equations (27), (29), (28), (36) are written in the form of power series in £ and
only the lowest power of £ is retained in each term, then we have

d

(@) — (12 +2¢%) = 0.
120 + £20 = 0,
d [t, D t1®§3] ( A0
EE[ 20 T a15 | 1+§6) =TT
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Solving for @, ©, A and 7y to the lowest order in £, we find
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Figure 1a shows the streamlines in the plane of symmetry (¢ = 0) for ¢, = 108
and e = 1. It can be seen that fluid in the cool uniform core is drawn to one side of
the cylinder by the component of external acceleration in that direction. In the
boundary layer the fluid tends to flow around the circumference of the cylinder
due to this component of the buoyancy force. Figure 15, which shows the projec-
tions of the streamlines on to a cross-section of the cylinder, also illustrates the
cool fluid moving towards one side of the cylinder.

With these results equation (39) may now be written

d [t,£2 et 256 ] 1
— —— —— — -~ = d 41
dx [180 (240) 27 x 73 g’ (41)

where again only the leading power in £ is retained in the first term in the bracket.
The value of £ as a function of z quoted above is calculated from this equation
where the second term in the bracket (due to perturbations) has been neglected,
and henceis accurate only if e2z? < 13. To find the effect of the perturbations upon
the solution obtained by Lighthill, equation (41) with the perturbation term
retained is solved for £ as a function of x by writing £ = (240/t,)¥z}(1 +9) and
neglecting squares and higher powers of . It is found that 7 = — 0-0063¢%x2. If it
is noted that, from (37),
N =2l
0

it follows that the change in the Nusselt number is given by

_8 tl i . 2
Na_3(—2@) (1+0-0017¢2).
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Thus the secondary flow leads to a percentage increase of 0-17¢2 in the Nusselt
number. It can be seen that the increase in heat transfer is of the second order of
small quantities taking the perturbations to be of first order of small quantities.
The accuracy claimed for this perturbation solution is in the region of 259,
provided that ¢, is greater than 108, ¢ is less than unity, and the Prandtl number is
of order 10 or greater.

®
i
—

>4
T~

—_— — —— —

(a) (b)

FigureE 1. (a) Sketch of streamlines in plane of symmetry (6 =0) for # = 10° and
¢ = 1, i.e. for boundary-layer flow. (b) Sketch of projections of streamlines on to a cross-
gection of the cylinder (x = 0-75) for ¢, = 10®* and €= 1. ———~ Denotes edge of boundary
layer.

This calculation was also carried out for the profiles as before except that

Y oL=N =B

1=y (f<r<l),
_ad-n{-p)
and t—@w (ﬂ<7’<l)v

This had the effect of altering @, A, and y by a factor of 2 approximately. The
corresponding value of # was —0-012¢%? and the percentage increase in N,
was 0-32¢2. This may appear to be rather a large change for the alteration
of the profiles but the approximate nature of the solutions must be borne in
mind.

Under the conditions of operation of a gas turbine ¢ is of order unity. Hence
this calculation suggests that the Coriolis force gives rise to an increase in heat
transfer of order 19, when the flow is laminar.
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4. The similarity solution

Lighthill found approximate solutions to equations (20) such that the depen-
dence of U, T on r remains the same although an amplitude factor varies with z,
the distance from the bottom of the tube. These solutions are

(86-9) , (4—3p)
5 ré+ 5 r‘*),

T = t1x<l—ﬂr2+
U = —4p2(1 —6r2+9r4——4r’5)-—%v(rz—3r4+2r6),

where the Prandtl number has been assumed infinite. Lighthill found
¢t =311 and g =2-091.

If solutions of a similar type exist for the perturbations then it can be seen from
equation (30) that w and » must vary with z and so from (27) that u varies with 2
and from (29) that ¢ must also vary with 22. Equations (31), (32), (34) and (30)
with boundary conditions (19) are satisfied by

U = Ax?rd(7— 12r2 4 5rY),
t = £x¥rd(7—12r% 4 519,

v = x[¢+ (2¢ ;;B(7/3+264)) ri+ (—5?¢+% (18+ 264)) r"‘],

w=x[ ¢+(¢ :;10(96 7/3) (? L (96— 7ﬂ))r4]

where A, £ and ¢ are constants to be determined.
From equation (27), we get

151 — 326 + 6b = 0,

_ ey
where =90 ——(96—1p).
Also from (29), 4£ + 1057 = 0;
(796 —1974) (gg t )
and from (28) Aty e 3800 +£ -3 t3360

5 (44259—5596) ,  26(388-968) _
17 11x25x 27 13x8x7x9x11l
These equations give

¢ =287 A= —62, ¢=160¢.

Figure 2a shows a sketch of the streamlines in the plane of symmetry. It can be
seen that there is a tendency for the cool fluid on the axis to be drawn to one side
of the cylinder by the component of external acceleration in that direction. Also
the hot fluid near the walls is influenced by this component of buoyancy force and
at one side moves nearer the wall and at the other moves away from the wall.
Figure 25, which shows the projections of the streamlines on to a cross-section of
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the cylinder, indicates clearly the fluid moving away from the wall of the cylinder
at one side. It also shows the hot fluid moving around the circumference of the
cylinder under the influence of the non-axial component of buoyancy force.
After he obtained the profiles stated above for U, 7', Lighthill found ¢, and g
from (38) and (39) with the perturbation term in (39) omitted. Thus for the values
of U, T found by Lighthill to be valid the second term on the left-hand side of (39)
must be negligible. However, if this term is retained to find the change in £ and

x=1
8=0
x=0 6=n
(a) (b)

Figure 2. (a) Sketch of streamlines in plane of symmetry (¢ = 0) for ¢, = 311 and € = 0-03,
i.e. for similarity flow. (b) Sketch of projections of streamlines on to a cross-section of

the cylinder (x = 1-0) for ¢, = 311 and ¢ = 0-03.

t, due to the presence of those perturbations, it can be seen that § and ¢, now
depend upon z. Using (40), equations (39) and (38) become

Ll_[ BEx2(24+9) 4 322 13-—ﬂ]

dzx <1+£%)105 4200 8
t, dx

d t
+ = [ x 62 x 1606%4] = 1?‘”(12—4,0),

(24+78) 48§
and 1 50 = 1+Ed_t1’
4 dx

where ¢, and £ vary with z. The solutions obtained by Lighthill are permissible for
U, T if ¢%x? <€ 3, since then the second term on the left-hand side of (39) is
negligible. The two equations are solved to give

t, = 311(1—0-046%2),  f = 2:091—0-38¢%?,
and thus Na = 0-364 + 0-09¢2.
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In this case the percentage increase in the Nusselt number is 25¢2. The accuracy
of the perturbation solution is difficult to assess but cannot be expected to be
more than 20 %, on account of the approximate methods used.

However, for both ranges of ¢, investigated, it can be seen that there is an
increase in heat transfer when the external acceleration makes a small angle with
the axis of the cylinder and it appears reasonable to assume that this is so for the

complete range of ;.
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